A new structure of cross-coupling controller for precise tracking in motion control is proposed in this paper. When compared with the conventional cross-coupling system, this new structure has the advantage that the compensators in CCC have a simpler design process than conventional ones and so does its stability analysis. The proposed compensator (or controller) is evaluated and compared experimentally with a traditional uncoupled controller on a microcomputer controlled dual-axis positioning system. The experimental results show that the new structure of cross-coupling controller remarkably reduces contour error. In addition, this new controller can be implemented easily on a majority of motion systems in use today via reprogramming the reference position command subroutine. 
Introduction
Accurate trajectory control is a fundamental requirement for modern manufacturing systems, which is especially true for CNC machine tools. One can improve any single axial positioning accuracy by applying various control strategies such as a large P gain controller, a feed-forward controller [1] and a ZPETC (zero phase error tracking controller) [2] . However, good tracking performance for each individual axis does not guarantee the reduction of the contour error for multi-axis motion [3] . The term 'contour error' representing, for example, the deviation of the cutter location from the desired contour path in a CNC machine, is defined as the error component orthogonal to the desired trajectory. Another method to reduce the contour error is the cross-coupling control. Koren [4] introduced a symmetrical structure of cross-coupling controller to improve the contour accuracy. In his research, he considered the whole system as a single unit, instead of individual loops, and as a result, the influences of load disturbances and axis mismatch on system performance can be reduced.
A typical cross-coupling controller essentially consists of an algorithm to calculate the contour error and a control law to eliminate the contour error. Many control laws such as traditional PID control [3] , optimal control [5] , adaptive control [6] , fuzzy logic control [7] , and robust control (QFT design algorithm) [8] have been proposed to implement the CCC.
A typical conventional cross-coupling control system in the literature is shown in Fig. 1 , where the CCC output is generated to modify feed drive (velocity command type). In this figure, K e is a scaling factor related to the encoder resolution and gear ratio; T is the sampling time; P dx and P dy are the desired axial positions and P ax and P ay are the actual positions for X and Y axes, respectively; G x and G y are the position loop gains for each axis. E x and E y are the tracking errors; C x and C y are variable gains related to the geometry of contour; e is the contour error calculated by geometric relationship. In the design of this type of CCC, the output of the CCC is decomposed and then injected into the loops in order to reduce the contour error.
The servo drives used in industry nowadays can be classified into three types of control mode: position mode, velocity mode, and torque mode. Each mode gives its merit and applicability and no one is dominant. This is why most suppliers provide these three control modes for application engineers to choose. Although various control modes are available, the classical CCC, intending to modify the command of velocity-mode feed drive, is not able to cope with systems using the positionmode feed drive. In order to apply this advanced control scheme, we need a more generalized CCC structure and this becomes the motivation of this paper. Since the contour error is function of axial tracking errors, the authors believe that the modification of the position command is also a feasible way to reduce contour error. Specifically, the output of the new CCC for each axis will directly feed back to modify reference position command. As will be shown in later sections, the design of the proposed CCC will introduce a 'contour error transfer function', or CETF with the characteristics of a high pass filter. Its stop band should match to the bandwidth of the original single-axis position loop. Since the cascade compensation-the most commonly used controller configuration in industry-is adopted here for the singleaxis position loop, the cut-off frequency of CETF is determined accordingly. The whole design procedure and stability analysis of the proposed CCC become very simple. Also, we will discuss the conditions of feasible cross-coupling controller and choose the pole-placement method to design a simple permissible PI-type CCC, which enables us to shape the dynamics of contour error. Additional constraints given by Jury's criterion will limit the corner frequency of the CCC and allow us to find its stable region easily.
In the following, we will first derive different contourerror estimation equations for linear and circular contours according to the geometric relations between the desired and actual positions. The performance of crosscoupling controller will deteriorate when a path with a large curvature (such as a small circle) or at a high feedrate occurs. Therefore, a more accurate contour error estimation equation for the circular motion is developed here to cope with this situation. Then we will discuss how to determine of the stable region and to use the pole-placement method to design a PI-type compensator in consequence. Finally, the simulations and experiments are performed and discussed. They show a good consistency with each other and confirm the effectiveness of this CCC design.
Contour errors
In this section, two kinds of contouring motion are discussed here:
Linear contour [3]
The linear contour error can be determined by following equation:
where q is the angle between the line and the X-axis; E x and E y are the tracking errors of X and Y axes, respectively.
Circular contour
The contour error for circular contour is the difference between the actual location to the center of the circle and the radius of the circle, and can be defined as
where q is the angle between the instantaneous tangent at reference position and the X-axis. Eq. (2) can be further simplified by the Taylor series expansion as
Generally, it is true that axial tracking errors are much smaller than the radius of circle. Thus, the high-order terms of E x , E y in Eq. (3) can be neglected, resulting in Eq. (1) . The same expression of contour error estimation for both linear and circular contours is widely adopted before [9, 10] . But in the case of small radius or high speed circular contouring, instead of Eq. (1), the following Eq. (4) should be used to calculate the contour error. Otherwise, the reduction of contour error cannot be achieved. This is confirmed by simulation and experiment at section 5.
Eq. (4) is valid for both the linear and circular contours, since, for linear contour case, we can let R in the above equation be infinity.
Proposed CCC structure
In this section, the contour errors for both an uncoupled system and a cross-coupled one are developed. For ease of presentation, the notation of velocity loop together with the position integrator is defined as 
The uncoupled motion control system
A dual-axis uncoupled motion control system is presented in Fig. 3 . The contour error defined for this uncoupled (open) system is
From the figure, tracking errors E x andE y for the two axes can be easily obtained by following deductions: 
Substituting Eq. (7) into Eq. (6), we obtain the contour error of the uncoupled system, or
The proposed cross-coupled motion control system
By using the cross-coupling controller C c to couple the two axes, we propose the structure as shown in Fig.  4 , where P mx and P my are the modified position commands of each axis. The cross-coupling control forms two extra position loops, which are used to modify the position command of each axis. Based on the concept of cascade control, it is clear that the design of original tracking system does not affect these two outer loops. The following equations can be easily obtained form Fig. 4 , Similarly,
Substituting Eq. (10) into Eq. (9), we obtain
Rewrite Eq. (11) to obtain e as (12) in which (12) into Eq. (10), we get the following results, or
Comparing Eq. (14) to Eq. (7), we find the last two terms in Eq. (14) are induced by cross-coupling control. If gain of C c is small, the CCC will not influence the tracking performance. How to design C c to keep good contouring performance will be discussed in the following section.
Design of the compensator of CCC

Design a PI compensator
Examining Eqs. (8) and (12), we can obtain the relationship between the contour errors of the coupled and un-coupled system, or
Furthermore, Eq. (15) can be rearranged as,
where
The similar functional relationship 1 1 ϩ C c P between the coupled and uncoupled systems is defined as the contour error transfer function (CETF) in Yeh and Hsu's research [8] . In order for us to design C c , understanding 'what is P?' is the first thing to do. By the rule of the cascade control, once the velocity controllers in Fig. 4 is tuned appropriately (i.e., the bandwidth of velocity loop is at least three times larger than that of the position loop and the step response behaves no oscillation), the velocity control loop can be simplified as unit gain, and
To simplify our analysis, let G x ϭ G y ϭ G, i.e., the two axes have almost matched dynamics. We further define
For linear contour, from Eq. (1) we get
For circular contour, if tracking errors E x and E y are much smaller than the radius of curvature R, from Eq.
(1), we get
For small radius circular motion, from Eq. (5), we get
Although the second terms in Eq. (5) play an important role in contour error estimation under certain circumstances which will be shown in section 5, it is convenient in the controller design phase to approximate G v in Eq.
(22) to one. Thus, Eq. (17) can be reduced to
When a matched but uncoupled system tracks a line or circle, the contour error will approach a constant after transience. Even if the dynamics of the two axial positioning systems are not so matched, the major part of contour error still behaves like a low frequency signal. In order to reduce the steady-state contour error or the low frequency components, the CETF, or 1 1 ϩ C c P , is required to have a very low gain at low frequency range, which amounts to requiring |C c P| be maximum at low frequency range. The simplest way is to let the controller C c contain an integrator, resulting in the general form
, where Q(z Ϫ1 ) is used to shape the CETF further to meet the designer's requirements. Since the P is a first order rational function, the added integrator will make CETF become a second order system. The performance of this kind of system can be specified easily by two parameters. In consequence, a PI controller is chosen as the CCC compensator for the contour error correction, i.e., Q(z Ϫ1 )contains only one zero (In Appendix A, the requirement and conditions forC c (s), F(s) and P(s) are discussed in detail). The generalized characteristic equation in Eq. (16) can be expressed as follows,
Let K cp ,K ci be the proportional and integral controller gains respectively, then this standard discrete time controller can be expressed as
By substituting Eq. (25) into (24), characteristic equation is rewritten as
For this second order system, we can design it by the pole-placement method. Let x, w n be the two parameters similar to damping ratio and natural frequency of a standard second order system, then the parameters of this compensator are
Stability analysis
The definition of BIBO stability as mentioned in books written by Yeh [11] or Goodwin etc. [12] is: 'For internally connected systems, the input signals are injected into each internal connection point to result in the mixed output signals. The internally connected systems are internally stable if the set of all input signals and output signals are bounded-input-bounded-output (BIBO) stable.' For our proposed structure shown in Fig.  4 , suppose the individual axial tracking system is designed internally stable by cascade control, and in consequence its open-loop contour error is bounded. From Eq. (16), the closed-loop contour error is bounded if the CETF is stably designed. Also, the compensation component injected into each axis is bounded if the compensator of CCC (PI-type for our case) is stably designed, which always does in realization. Additionally, E x and E y are all bounded because of bounded inputs (command plus or minus compensation component) and individual stable axial tracking system. This point can also be clearly observed from Eq. (10). It is concluded from the above statement that the proposed cross-coupling motion system is stable if (1) the individual axial tracking system is stable, (2) the compensator of CCC is stable, and (3) CETF is stable. Note that CETF plays an important role in stability analysis and controller design, which is pictorialized in Fig. 5 . The cut-off frequency of the CETF is chosen to match to the bandwidth of position loop (see appendix), i.e., at least less than 1/3w vel , where w vel is the bandwidth of the velocity loop (the inner loop). Furthermore, in order to get a no oscillatory response, the parameter x should be chosen between 0.707 and 1. For this second-order system, the relation between CF (cut-off frequency) and x, w n is CF ϭ w n [(1Ϫ2x
. Let the parameter x be one, then the CF will be about 0.6w n [13] . Under constraint of w n and let x be one, we can obtain the limitations of the compensator as
We can analyze the stability of the CETF by the Jury's test on characteristic equation defined in Eq. (26). System will be stable if |P(0)| Ͻ 1, P(1) Ͼ 0, and P(-1) Ͼ 0, which result in following three constraints 
Simulation and experimental results
A retrofitted milling machine is used to test the tracking performance of our proposed controller. The motion system shown in Fig. 7 comprises two torque-mode feed drives, 2:1 timing belts and pulleys, ball-screws and guide-ways, a motion card and a personal computer. This experimental servo system is built up in a so-called semi-closed loop, i.e., feedback signal is from the encoder of servomotor. We use a PI velocity controller to handle the velocity loop control and a proportional gain in the position loop. The system modeling, identification and multiple loop design followed the previous work by the authors [14] . Both the simulation and experiment are performed to validate the proposed design. Two CCC designs are given for comparison, i.e., CCC1: x ϭ 1, w n ϭ 16 Hz (about 1/3 w vel ) CCC2: x ϭ 1, w n ϭ 8 Hz (about 1/6 w vel )
The corresponding Bode plots of CETF having highpass characteristics for these two designs are shown in Fig. 8 . It is clear from this figure that the wider the cutoff frequency of CETF is, the better attenuation of contour error can be achieved at low frequency. However, a wider cut-off frequency of CETF also corresponds to a larger gain and a wider corner frequency of this PItype cross-coupling controller, which may magnify the measurement noise. To compromise the effect of crosscoupling control and the influence of measurement noise, the cut-off frequency, or the stop band, of the CETF is chosen the same as bandwidth of the position loop.
Since the axial tracking controller is designed following the rule of multi-loop cascade control, there is nearly no servo mismatched between the two axes. No contour error for linear contouring motion will exist. Therefore, in the following discussions, we will focus on the circular contour. For comparison, the results of simulations or experiments for three different cases are shown in one figure, where '1' represents result of contour motion without CCC compensation and, '2' and '3' denote the results of contour motion with CCC1 and CCC2, respectively.
Circular motion with large radius
Two cases are conducted for comparison. The resolution of encoder is used as the basic unit length (BLU).
(1) R ϭ 50 mm (2 × 10 5 BLU), Feedrate ϭ 2.64 m/min (circular frequency ϭ 0.14 Hz) (2) R ϭ 50 mm (2 × 10 5 BLU), Feedrate ϭ 7.5 m/min (circular frequency ϭ 0.4 Hz)
In the simulation and experimental studies, the reference commands pass through an acceleration/deceleration (Acc/Dec) mechanism [15] before fed into the servo loop. This Acc/Dec mechanism can provide a smooth motion profile to avoid undesirable vibration. But it will also induce contour error during transient periods at the initial and final moments. Once the transient response dies out, the proposed method generates very good results.
In case (1), since the tracking error is much smaller than the radius (the tracking error is about 3% of the radius), we obtain similar results by using the Eq. (1) or Eq. (4) in contour errors calculation. The simulation and experimental results in Fig. 9 confirm this point. However, the increase of feedrate will degrade the performance when Eq. (1) is used to estimate contour error, such as in case (2) where the tracking error is about 8% of the radius. The CCC needs a more accurate estimate of contour error obtained from Eq. (4) to perform the contour control. Fig. 10a shows that using Eq. (1) does not give the convergence of contour error, whereas using Eq. (4) does as shown in Fig. 10b . The experimental results are presented in Fig. 10c .
Circular motion with small radius
There are two cases for this comparison, In case (3), since the tracking error is not very small when compared with the radius (the tracking error is about 16% of the radius), we use Eq. (4) in calculating the contour errors. The simulation and experimental results are shown in Fig. 11 . When the feedrate is increased such as in case (4), the tracking error becomes about 53% of the radius. The results shown in Fig. 12 demonstrated the effectiveness of our proposed design.
Conclusion
Combined with multiple-loop cascaded control design method, a new CCC structure with compensation at its reference position command is presented here, so is its stability analysis. Since the new structure allows the CCC to directly compensate the reference position commands of both axes, it has the potential to be integrated into any kind of axial tracking controller. In this paper, a simple proportional position-loop controller is used to demonstrate the feasibility of this kind of integration. The concept of contour error transfer function is adopted and the pole-placement method is used to design a PItype CCC compensator. If a more sophisticated control- Fig. 11 . Results of case (3) ler is employed in the position loop to improve single axial positioning accuracy or measurement noise is much concerned, Q(z Ϫ1 ) in C c should be further shaped such as adding more poles. Simulation and experimental results of our study both show that this dual-axis motion control system can achieve satisfactory contouring accuracy under different motion conditions, such as large feedrate or small radius of curvature cases. Although it is not shown in this paper for general nonlinear path, Eq. (4) still valid if (R,q) are calculated on line, since an arc can approximate nonlinear path locally. This new controller can be easily implemented on a majority of motion systems in use today via reprogramming the reference position command subroutine only without any change in hardware of the motion systems.
Without loss of the generality, the discussion in this appendix is performed on S-domain. However, the implementation in the context is performed in discrete time or Z-domain. In the following, we will discuss the requirement and conditions forC c (s), F(s) and P(s) and show that PI controller is a permissible cross-coupling controller.
The frequencies of contours under control are within the low frequency range as compared with the bandwidth of the servo system. In order to reduce the steady-state contour error or those low frequency components, the contour error transfer function (CETF), or 1 1 ϩ C c P , is required to have a very low gain at low frequency range, which amounts to requiring |C c P| be maximum at low frequency range. Rewrite the CETF function in Sdomain, we obtain
The corresponding Bode plot of CETF will have high pass characteristics, i.e., F(0)→0. From Eq. (A1), we obtain Eq. (A2) as
and the conditions at low and high frequencies will be
The plant P(s) is user-designed and has low-pass characteristics, or,
Because the compensator C c (s) directly handles data including possible measurement errors, it should have low gain at high frequency to avoid amplifying the high frequency noise. And from the viewpoint of implementation, C c (s)should be a proper or bi-proper function and thus C c (ϱ) is finite. Substitute these known conditions and apply them to Eq. (A3), we obtain the following equations easily, From Eq. (A7), the relative degree of P(s) will be required to be one or less. It is true in our case, since P(s) is designed by cascade control to be a first order system. When P(s) is determined and fixed, we can see from Eq. (A1) that the cut-off frequency of F(s) is related to the magnitude of C c (s) at that frequency. In theory, the larger the cut-off frequency of F(s) is, the better performance the CCC system has. But a larger one will cause the design of the magnitude of C c (s) becomes larger at corresponding larger cut-off frequency. It will induce noise problem and degrade the performance of the system. To compromise the control effect of crosscoupling controller with the influence of measurement noise, the cut-off frequency, or the stop band, of the CETF is suggested to be the same as bandwidth of the position loop.
The simplest controller C c (s) that matches above requirements is a pure I controller. In this paper, a PI controller is chosen as the CCC compensator for its ease on determining the transient response of the contour error correction. Other forms of controller are possible if the constraints of Eqs. (A5) and (A6) are satisfied.
